ABSTRACT. Let I G be the binomial edge ideal on the generic 2 × n -Hankel matrix associated with a closed graph G on the vertex set [n]. We characterize the graphs G for which I G has maximal regularity and is Gorenstein.
INTRODUCTION
Let K be a field and S = K[x 1 , . . . , x n , x n+1 ] the polynomial ring in n + 1 variables over the field K. Let X = x 1 x 2 · · · x n x 2 x 3 · · · x n+1 be the generic 2 × n -Hankel matrix and G a closed graph on the vertex set [n]. We recall from [5] that a closed graph G is characterized by the following condition: there exists a labeling of G with the property that if {i, j} and {i, k} are edges of G such that either i < j < k or i > j > k, then { j, k} is an edge of G. In [2] there was considered the ideal I G ⊂ S which is generated by all the 2-minors
of X which correspond to the edges {i, j} of G. The ideal I G is a natural generalization of the ideal I C of the rational normal curve C ⊂ P n . Indeed, if G = K n , then I G = I C . The minimal free resolution of S/I C is the Eagon-Northcott resolution. In [2] it was shown that, for any closed graph G, the ideal I G has a quadratic Gröbner basis with respect to the reverse lexicographic order on S induced by x 1 > · · · > x n+1 and that I G is Cohen-Macaulay of dimension 1 + c where c is the number of connected components of G.
In the same paper it was shown that the regularity of S/I G is bounded above by the number of maximal cliques of the graph G. For a graph G, the collection of cliques of G (i.e. the complete subgraphs of G) forms a simplicial complex ∆(G) which is called the clique complex of G. We recall from [4] that G is a closed graph if and only if there exists a labeling of G such that all facets of ∆(G) are intervals.
Let G be a closed graph on the vertex set [n] with ∆(G) = F 1 , . . . , F r where F i = [a i , b i ] for 1 ≤ i ≤ r and 1 = a 1 < a 2 < · · · < a r < b r = n. Then, as it was shown in [2] , we have reg(S/I G ) ≤ r. For the closed graphs G which satisfy the conditions a i+1 = b i for 1 ≤ i ≤ r − 1, it was shown that reg(S/I G ) is exactly r.
In Section 1 we characterize the closed graphs G for which reg(S/I G ) is equal to r. Note that, since I G and the initial ideal of I G with respect to the reverse lexicographic order, in rev (I G ), are both Cohen-Macaulay, we have reg(S/I G ) = reg(S/ in rev (I G )) = degP(t), where P(t) is the numerator polynomial of the Hilbert series H S/I G (t) = H S/ in rev (I G ) (t). In Theorem 1.2 we show that I G has maximal regularity if and only if any three consecutive maximal cliques of G have empty intersection.
In Section 2 we state and prove the main theorem of this paper which characterizes the closed graphs G for which I G is a Gorenstein ideal. To this aim, we first show in Lemma 2.1 that, if I G is Gorenstein, then I G has maximal regularity. In Proposition 2.4 we show that I G is Gorenstein if and only if the associated ideal of each connected component of G is Gorenstein. Thus, it remains to characterize the connected closed graphs G for which I G is Gorenstein. This characterization is given in Theorem 2.2. The proof uses in principal combinatorial techniques.
SCROLL BINOMIAL EDGE IDEALS OF MAXIMAL REGULARITY
Let G be a closed graph on the vertex set [n] and with the clique complex ∆(G) = F 1 , . . . , F r where
In [2] it was shown that reg S/I G ≤ r. Moreover, in the same paper it was shown that if the cliques of G satisfy the conditions a i+1 = b i for 1 ≤ i ≤ r − 1, then reg S/I G = r. In this section we give a full characterization of the graphs G with the property that reg S/I G = r.
Before giving this characterization, we prove a nice property of the graphs considered in [2] . The classical binomial edge ideals share a similar property; see [4 
This implies that
On the other hand, by [1, Proposition 3.13], relation (1) implies that Tor k (S/I F i , S/I F j ) = 0 for all i = j and k > 0. Therefore, we get
B S/I F i (s,t).
In order to prove our statement, it is enough to show that, if G consists of a single clique, then
. . , x n ) 2 has a linear resolution. Then I G has a linear resolution as well. Consequently, the Hilbert series of S/I G and S/ in rev (I G ) are determined by the corresponding Betti numbers. As S/I G and S/ in rev (I G ) have the same Hilbert series, it follows that
In what follows, we characterize the graphs G whose associated ideal I G has a maximal regularity. First, we show that we may reduce to the connected case.
Let G be a closed graph on the vertex set 
Thus, I G has maximal regularity if and only if each I G i has maximal regularity.
We may prove now the main statement of this section.
Theorem 1.2. Let G be a closed graph on the vertex set [n]
with the maximal cliques F 1 , . . ., F r , where
Proof. By the above discussion, we may reduce the proof of the statement to the connected case. Therefore, in the proof we assume that G is connected. We know that
First suppose that reg(S/I(G)) = r, that is, h r = 0. This implies that there exists a monomial of degree r, say w, which does not belong to (in rev (I G ), x 1 , x n+1 ). Observe that any monomial that does not belong to (in rev (I G ), x 1 , x n+1 ) is a square free monomial in the variables x 2 , . . . , x n . Let w = x j 1 , . . . , x j r / ∈ in rev (I G ) with 2 ≤ j 1 < · · · < j r ≤ n. Then we must have j 1 ∈ F 1 , j 2 ∈ F 2 \F 1 , . . ., j r ∈ F r \F r−1 . Assume there exists i with
, that is, x j i+1 x j i+2 ∈ in rev (I G ), which is a contradiction to the choice of w.
Conversely, suppose that F i ∩ F i+1 ∩ F i+2 = / 0 for all i. In other words, we have a i+1 ≥ b i + 1 for 1 ≤ i ≤ r − 2. Then, it is easily seen that the monomial w = x 2 x b 1 +1 · · · x b r−2 +1 x n has degree r and it does not belong to (in rev (I G ), x 1 , x n+1 ). Therefore, reg(S/I G ) = r.
GORENSTEIN BINOMIAL EDGE IDEALS ASSOCIATED WITH SCROLLS
In this section we characterize the closed graphs G with the property that I G is a Gorenstein ideal, that is, S/I G is Gorenstein.
We first consider the case when G is connected. We note that if ∆(G) consists of a single clique, that is, G is the complete graph K n , then I G has a linear resolution. Moreover, one may easily derive that β n−1 (S/I G ) = n − 1, hence, unless G = K 2 , S/I G is not Gorenstein.
Therefore, in what follows we consider that G has at least 2 cliques. Proof. As before, let P(t) = h 0 + h 1 t + · · · + h s t s be the numerator of the Hilbert series H S/I G (t) = H S/ in rev (I G ) (t). As x 1 , x n+1 is a regular sequence on S/ in rev (I G ), we have that
If I G is Gorenstein, we know that the h-vector (h 0 , . . ., h s ) is symmetric. Therefore, since h 0 = 1, the leading coefficient h s of P(t) must be equal to 1, as well. This means that the last non-zero component of S/(in rev (I G ), x 1 , x n+1 ) has dimension 1 as a vector space over K.
Let us assume that reg(S/I G ) = s ≤ r − 1 and the facets of the clique complex of G are
It follows that the K-basis of S/(in rev (I G ), x 1 , x n+1 ) consists of squarefree monomials in x 2 , . . ., x n which do not belong to in rev (I G ).
Our hypothesis implies that there exists exactly one squarefree monomial in x 2 , . . . , x n which does not belong to in rev (I G ) and has degree s.
. ., A r = {x a r +1 , . . . , x n } and let x H = x j 1 x j 2 · · · x j s , where 2 ≤ j 1 < j 2 < · · · < j s ≤ n, be the unique squarefree monomial of degree s which does not belong to in rev (I G ).
Since s < r, there exists at least one set A i such that for all
In a similar way, we get i = r. Now, let us suppose that { j 1 , . . . , j s } ∩ A i = / 0 for i = 1 and i = r, and that { j 1 , . . . , j s } ∩ A i = / 0 for some 1 < i < r. Then we may find an integer 1 ≤ q ≤ s such that j q ≤ a i and j q+1 ≥ b i +1. But then we may find another squarefree monomial of degree s, namely
The next theorem is the core of this section. 
Proof. (a) ⇒ (b)
. By Lemma 2.1 we know that reg(S/I G ) = r and, by Theorem 1.2, we have F i ∩ F i+2 = / 0 for 1 ≤ i ≤ r − 2; in other words, b i < a i+2 for 1 ≤ i ≤ r − 2. In addition, since I G is Gorenstein, there must be exactly one squarefree monomial of degree r in the variables x 2 , . . ., x n which does not belong to in rev (I G ). One easily observes that the monomial w = x 2 x b 1 +1 x b 2 +1 · · · x b r−2 +1 x n does not belong to in rev (I G ). Now we will show that the numerical conditions of (b) must hold in order to not have another squarefree monomial w ′ of degree r such that w ′ / ∈ in rev (I G ). Let us first assume that a 2 > 2. Then we find the monomial x a 2 x b 1 +1 x b 2 +1 · · · x b r−2 +1 x n which does not belong to in rev (I G ). Similarly, if b r−1 < n − 1, then we find the monomial
does not belong to in rev (I G ). This completes the proof of the first implication.
(b) ⇒ (a). Let us assume that F 1 , . . . , F r satisfy the numerical conditions of (b). We first observe that x 1 , x n+1 is a regular sequence on S/I G . Indeed, one easily sees that x 1 is regular on S/ in rev (I G ), and hence on S/I G , and (in rev (I G ), x 1 ) = in rev (I G , x 1 ). As x n+1 is regular on S/ in rev (I G , x 1 ), it follows that x n+1 is regular on S/(I G , x 1 ) as well.
In order to show that S/I G is Gorenstein, it is enough to show that S/(I G ,
We also observe thatS/Ī G is a zero-dimensional ring. Thus, in order to show thatS/Ī G is Gorenstein, we need to show that the socle ofS/Ī G has dimension 1 as a K-vector space [3, Proposition 21.5]. Therefore we need to show that dim K (Ī G : m/Ī G ) = 1, where m = (x 2 , . . ., x n ). The hypothesis on G ensures the existence of a unique monomial w of degree r such that w / ∈Ī G and mw ⊆Ī G . Therefore, it remains to prove the following claim:
We prove this claim by contradiction. Let us assume that there exists a homogeneous polynomial f ∈Ī G : m with deg( f ) ≤ r − 1 such that f / ∈Ī G . We may assume that in rev ( f ) is minimal. Then, as f / ∈Ī G , it follows that in rev ( f ) / ∈ in rev (Ī G ). Indeed, otherwise, there exists c ∈ K\{0} and g ∈Ī G such that in rev ( f − cg) < in rev ( f ) and, obviously, f − cg / ∈Ī G , so we get a contradiction to the minimality of in rev ( f ).
We easily see that the reduced Gröbner basis ofĪ G with respect to the reverse lexicographic order is obtained from the reduced Gröbner basis of I G by moding out x 1 and x n+1 . Therefore, in rev (Ī G ) = in rev (I G ) = (x 2 , . . . ,
, it follows that in rev ( f ) is a squarefree monomial. In addition, since deg(in rev ( f )) ≤ r − 1, as in the proof of Lemma 2.1, there exists a set A i = {x a i +1 , . . . ,
, which contradicts our hypothesis that x k f ∈Ī G for all 2 ≤ k ≤ n, and hence 
The following proposition generalizes the above theorem to all closed graphs. For the converse, we argue by contradiction. Let us assume that I G is Gorenstein and that there exists 1 ≤ i ≤ c such that I G i is not Gorenstein. Since β n i −1,n i −1+r i (S/I G i ) = 1, there exists an integer l < r i such that β n i −1,n i −1+l (S/I G i ) ≥ 1. By using (3), we get:
β n−c,n−c+r−r i +l (S/I G ) ≥ ∏ j =i β n j −1,n j −1+r j (S/I G j ) · β n i −1,n i −1+l (S/I G i ), thus, β n−c,n−c+r−r i +l (S/I G ) ≥ 1, which is a contradiction to our hypothesis on I G , since r − r i + l < r. Therefore, I G i is Gorenstein for 1 ≤ i ≤ c.
